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Abstract. In this paper, we generalize the models used by MacKay [1]
in his analysis of evolutionary strategies that are based on sexual, rather
than asexual, reproduction methods. This analysis can contribute to the
understanding of the relative power of genetic algorithms over search
methods based upon stochastic hill-climbing, e.g. [2], [3].

1 Introduction

The genome of individual i is denoted by x[i], and each genome is of length G,
i.e. ‖x[i]‖ = G. The set of all possible individuals in the species is denoted by X
and ‖X‖ = 2G. We refer to the jth bit on the genome of x[i] by xi

j , such that
x[i] ≡ [xi

1, x
i
2, . . . , xi

G].

Fitness Function: The fitness of each genome x[i] is assessed with a fitness
function φ : X �→ R,

φ(x[i]) =
G/b∑

j=1

Ωj(x[i]), (1)

where Ωi is the parity of block i in the genome, and b is the number of variables
per block.
Reproduction: Reproduction occurs by mutation alone, or by recombination
and mutation. Mutation involves flipping each bit x

[i]
j independently with a fixed

probability m. In the case of sexual reproduction, an offspring x[k] has parents
x[i] and x[j]. Each bit x

[k]
i is chosen to be either x

[i]
i or x

[j]
i , with equal probability.

Selection: At each generation, all individuals scoring above the 50th percentile
survive and reproduce to the extent that the population size stays constant at
N .
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2 Analysis

Using the parity fitness function described, the genome divides into G/b blocks.
In the case where b = 2, we have 22 = 4 possible block configurations: B0 =
{0, 0}, B1 = {0, 1}, B2 = {1, 0}, B3 = {1, 1}. These configurations have different
fitness values: Ω(B0) = Ω(B3) = 1, and Ω(B1) = Ω(B2) = 0. Let us denote
P(B0) by α and P(B3) by β. We can assume that P(B1) = P(B2), and denote
both by γ. Given the initial probabilities of {α, γ, γ, β}, the probabilities of the
four possible configurations {B0, B1, B2, B3} after sexual reproduction are given
{α′, γ′, γ′, β′} respectively, where

α′ = (α + γ)2, β′ = (β + γ)2, γ′ = (α + γ)(β + γ).

After reproduction, the probability of a good block is p = (α′ + β′). The proba-
bility of k good blocks in the genome will be given by

(G
2
k

)
pk(1 − p)

G
2 −k.

The mean and variance of this distribution are given by µ = G
2 p and σ2 = G

2 p(1−
p), respectively. Selection chooses the upper-half of this binomial distribution,

which will be positioned at approximately µ +
√

2
π σ. Both α′ and β′ will be

increased proportionally to the overall increase in fitness, i.e. by 1
µ

(
µ +

√
2
π σ

)
.

The proportions of B0 and B3 after selection, given by α′′ and β′′ respectively,
will be as follows:

α′′ = α′




µ +

√
2
π σ

µ



 = (α + γ)2




µ +

√
2
π σ

µ



 (2)

β′′ = β′




µ +

√
2
π σ

µ



 = (β + γ)2




µ +

√
2
π σ

µ



 . (3)

As {α′′, γ′′, γ′′, β′′} must sum to 1,

γ′′ =
1 − (α′′ + β′′)

2
. (4)
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